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Abstract 

In this paper, we discuss numerical experiment of absolute stability of various one and two steps 
method for ODEs and Fredholm equation. The Gauss Lobatto method for approximating the value of 
the integrals presented. Two and one dimensional case of spectral element method are presented. The 
proposed method provides the solution in terms of convergent series with easily computable 
components, as well as it possesses main advantage as compared to other existed methods. 
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1. INTRODUCTION 

A Fredholm Equation is defined as a type of nonlinear integral equation that involves functions within 
a specified domain and is commonly used in modern numerical methods for solving mathematical 
problems. In mathematics, the Fredholm integral equation is an integral equation whose solution gives 
rise to Fredholm theory, the study of Fredholm kernels and Fredholm operators. The integral equation 
was studied by Ivar Fredholm. A useful method to solve such equations, the Adomian decomposition 
method, is due to George Adomian. An inhomogeneous Fredholm equation of the second kind is given 
as 

 

Given the kernel K (x; t) and the function (x)  the problem is typically to find the function   The 
solution to a general Fredholm integral equation of the second kind is called an integral equation 
Neumann series. Fredholm equations arise naturally in the theory of signal processing, for example as 
the famous spectral concentration problem popularized by David Slepian.  
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The operators involved are the same as linear filters. They also commonly arise in linear forward 
modelling and inverse problems. In physics, the solution of such integral equations allows for 
experimental spectra to be related to various underlying distributions, for instance the mass 
distribution of polymers in a polymeric melt, or the distribution of relaxation times in the system [5, 
12, 13, 14,15, 16]. In addition, Fredholm integral equations also arise in fluid mechanics problems 
involving hydrodynamic interactions near finite-sized elastic interfaces. A specific application of 
Fredholm equation is the generation of photo-realistic images in computer graphics, in which the 
Fredholm equation is used to model light transport from the virtual light sources to the image plane. 
The Fredholm equation is often called the rendering equation in this context. Lobatto methods for the 
numerical integration of differential equations are named after Rehuel Lobatto. They are 
characterized by the use of approximations to the solution at the two end points tn and tn+1 of each 

subinterval of integration [tn, tn+1 ]: In numerical analysis, an n−point Gaussian quadrature rule, 
named after Carl Friedrich Gauss is a quadrature rule constructed to yield an exact result for 

polynomials of degree 2n − 1 or less by a suitable choice of the nodes xi and weights ωi for i = 1, …, 
n:  The spectral element method (SEM) is a formulation of the finite element method (FEM) that uses 
high-degree piecewise polynomials as basis functions. The spectral element method was introduced 
in a 1984 paper by A. T. Patera. 

In mathematics, in the area of numerical analysis, Galerkin methods are a family of methods for 
converting a continuous operator problem, such as a differential equation, commonly in a weak 
formulation, to a discrete problem by applying linear constraints determined by finite sets of basis 
functions. They are named after the Soviet mathematician Boris Galerkin [5, 12, 13, 14, 15, 16].  

This paper is organized as follows: Section 2 introduces the Gauss Lobatto method for approximating. 
Section 3 presented the viscosity spectral element method - 1D. Section 4 deals the spectral element 
method - 2D and 1-element and weak formulation. Section 5 we presented the spectral Element 
Method of 2D and 1 element. 
 
2. GAUSS LOBATTO METHOD FOR APPROXIMATING 

Gauss Lobatto is a method for approximating the value of the integrals  where  is a 

given; function through a linear transformation, the above integral can be reduced to

where not the same function. In this case Lobatto rule of the function  on [1,1] is 

 

where xi is the (i  1)th root derivative Legendre polynomial  Recall that the recursive 

relation to define the Legendre polynomial is: 
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and the weight ωi   is given by 

 

In this method (Gauss Lobatto), the points xi are chosen such that  

 

The boundary value problem that will be considered in in our study is: 

 

To get the coefficients  we apply three different methods: spectral collocation 
method, spectral method of Galerkin and integral method in all cases we get a system that must be 
solved AU = F. The solution of (3) is expanded using Lagrange interpolations based on the Gauss-

Lobatto Legendre points where 
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we have N + 1 unknowns and N - 1 equations. Unfortunately, the previous system cannot be solved 
since the number of equations is large then the number of unknowns, to solve this problem we add 
two equations comes from boundary conditions [5, 12, 13, 14, 15, 16]. 

2.1 Boundary Conditions 

First boundary conditions is 

 

using  

Second boundary conditions: 
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Now, the matrix equation will be solved to obtain the approximation solution. Note that if the size of 
the matrix is large enough one can consider iterative methods. In our numerical presentation, we will 
present both cases, this allow the reader to make a difference between small N and large N. Moreover, 
we will discuss later some numerical schemes to get a rapid solution (in iteration counts).  
 
3. THE VISCOSITY SPECTRAL ELEMENT METHOD - 1D 

Problem: 

 

We will use the spectral method to find the approximate solution using " Gauss Lobbato points" we 
define the set 

 
where PN([-1; 1]) is the space of polynomials of degree at most N on [-1,1]. We multiply both sides of 

equation (10) with as test function, we get   

 
3.1 Spectral element method 1D: Weak formulation  

 
The approximate solution is expanded using lagrange interpolants based on the Gauss Lobatto 
Legendre points [5, 12, 13, 14, 15, 16]: 
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 Gauss-Lobatto Quadrature rule: 

 

3.2 Spectral element method - 1D 
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4. SPECTRAL ELEMENT METHOD - 2D AND 1-ELEMENT AND WEAK FORMULATION 

Let the Poission equation 

 
 
5. SPECTRAL ELEMENT METHOD OF 2D AND 1 ELEMENT 

The differentiation matrix defined as: 
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5.1 Spectral element method - 2D and 2- element 

Let 
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5.2 Two and Four elements of subdomains  1 and 2 

Let 

 

where (x; y) ∈ . We decompose  into two non-overlapping subdomains 1 and 2 
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Let K the number of subdomains. In our work K = 2 (2 elements), k = 4 (4 elements), we define the 
transformation 
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we deduce 

 

 



Hunan Daxue Xuebao/Journal of Hunan University Natural Sciences 

ISSN：1674-2974   |   CN 43-1061 / N 

 
DOI: 10.5281/zenodo.15208695 

Vol: 62 | Issue: 04 | 2025 

 

Apr 2025 | 94  

 

 



Hunan Daxue Xuebao/Journal of Hunan University Natural Sciences 

ISSN：1674-2974   |   CN 43-1061 / N 

 
DOI: 10.5281/zenodo.15208695 

Vol: 62 | Issue: 04 | 2025 

 

Apr 2025 | 95  

 
 
Acknowledgment 

The authors exited their appreciation to Umm Al-Qura University, Saudi Arabia for funding this research through 
grant number: 25UQU4281918GSSR02. 

Funding statement 

This research work was funded by Umm Al-Qura University, Saudi Arabia under grant number: 
25UQU4281918GSSR02. 

 
References 

1) Altoum, S.H. Solution of Second Order Ordinary Differential Equation Associated with Toeplitz and Stiffness 
Matrices. American Journal of Applied Sciences, 15, 416-422, (2018). 

2) Altoum, S.H. Analytical and Three Numerical Approach to Solve Second Order ODEs. Inter- national Journal 
of Advanced Scientific and Technical Research, 4, 51-67, (2018). 



Hunan Daxue Xuebao/Journal of Hunan University Natural Sciences 

ISSN：1674-2974   |   CN 43-1061 / N 

 
DOI: 10.5281/zenodo.15208695 

Vol: 62 | Issue: 04 | 2025 

 

Apr 2025 | 96  

3) Awad Bakery, Elsayed Mohamed and Mohamed Alamin Ahmed. Some Generalized Difference Sequence 
Spaces Defined by Ideal Convergence and Musielak-Orlicz Function. Abstract and Applied Analysis, 
Vol.2013, (2013). 

4) Baker, I.N. and Rippon, P.J. Convergence of Infinite Exponentials. Annales Academica Scentiarium Fennicae, 
Series AI Mathematica, Vol. 8, 179-186, (1983). 

5) H. Sami. Altoum, Hasan, H. A. Othman. q-Euler Lagrange Equation. American Journal of Applied Sciences 
Vol.16, no.9, pp.283-288, (2019). 

6) H. Sami. Altoum, Reem A. Alrebdi. The Geometrical Formulation of Variational Principle un- der the Theory 
of Fiber Bundle. Mathematical Problems in Engineering Volume 2022, (2022). 

7) H. Sami. Altoum. Geometrical and Numerical Approach to Solve Transonic Gas Equation. Journal of Applied 
Mathematics and Physics. Vol. 6, (2018). 

8) H. Sami. Altoum, Salih Y. Arbab. Geometrical Solutions Using Symmetries to Solve Wave Equation on Torus. 
Kexue Tongbao/Chinese Science Bulletin. Volume 69, Issue 08, August, (2024). 

9) H. Sami. Altoum, Musa Adam Aigo Salih Y. Arbab. Characterization an Eigenvalues of Compact Operators 
from lq into a Banach Space. Kexue Tongbao/Chinese Science Bulletin. Volume 70, Issue 08, November, 
(2024). 

10) Mahjoub A. Elamin. Space Topologies and Their Dual Space Topologies for Conventional Functional Space 
Topologies. Journal of Applied Mathematics and Physics. Vol.12 No.3, March (2024). 

11) Mahjoub A. Elamin, Keshab Bhuyan. Differential Fertility in Northeastern Libya. The Journal of family 
welfare. February (2023). 

12) Sondos M Syam, Z Siri, Sami H Altoum, Musa Adam Aigo, R Md Kasmani. A novel study for solving systems 
of nonlinear fractional integral equations. Applied Mathematics in Science and Engineering, Vol.31, pp 
(2277738), (2023). 

13) Sami H Altoum, Hamdi Ayed, Hassen Loukil, Muhammed I Syam, Sondos M Syam. Dis- charging process 
within a storage container considering numerical method. Journal of Energy Storage, Vol.66, pp (107490), 
(2023). 

14) Sondos M Syam, Zailan Siri, Sami H Altoum, Musa Adam Aigo, R Md Kasmani. A new method for solving 
physical problems with nonlinear phoneme within fractional derivatives with singular kernel. Journal of 
Computational and Nonlinear Dynamics, Vol.19, (2023). 

15) Adel Almarashi, Saleh Mousa Alzahrani, Hakeem A Othman, Sami H Altoum. Numerical investigation of 
thermal improvement of system in existence of nanofluid and magnetic force. Case Studies in Thermal 
Engineering, Vol.47, pp (103065), (2023). 

16) Xinhua Tan, Sami H Altoum, Hakeem A Othman, Muhammed I Syam. Thermal analysis of nanofluid flow 
within porous enclosure with curved hot wall utilizing numerical approach. Case Studies in Thermal 
Engineering, Vol.45, pp (102923), (2023). 

17) M. Alamin A. H. Ahmed. Some Approaches to Symmetric Spaces. American Journal of Mathematics and 
Statistics, 2(6): 206-212(SAP). (2012). 

18) Um Salama Aleman, Mohamed Alamin Ahmed. Symmetric Spaces as Riemannian Manifolds. European 
Academic Research, Vol. V, Issue 7 October (2017). 

19) P. Siva Kota Reddy, R. Kemparaju, and Sami H. Altoum. Spectral analysis of arithmetic function signed graphs. 
Global and Stochastic Analysis Vol. 11 No. 3 June, (2024). 

20) W. H. Abdi. On certain q-difference equations and q-Laplace transforms. Proc. Nat. Inst. Sci. India Acad, Vol. 
28, pp. 1-15, (1962). 

21) C. R. Adams. On the linear ordinary q-difference equation. Am. Math. Ser., Vol. II, 30, pp. 195-205, (1929). 



Hunan Daxue Xuebao/Journal of Hunan University Natural Sciences 

ISSN：1674-2974   |   CN 43-1061 / N 

 
DOI: 10.5281/zenodo.15208695 

Vol: 62 | Issue: 04 | 2025 

 

Apr 2025 | 97  

22) S.H. Altoum. q-Deformation of Transonic Gas Equation. Journal of Mathematics and Statis- tics, Vol. 14: 88-
93, 

23) S.H. Altoum. q-sl2 and Associated Wave and Heat Equations, American Journal of Applied Sciences, Vol. 15, 
pp. 261-266, (2018). 

24) S.H. Altoum. q-deformation of the square white noise Lie algebra. Transactions of A. Razmadze 
Mathematical Institute, Vol. 172 pp. 133-139, (2018). 

25) G. W. Bluman and S. Kumei, Symmetries and Differential Equations. Springer-Verlag, (1989). 

26) N. H. Ibragimov. Elementary Lie Group Analysis and Ordinary Differential Equations. John Wiley Sons, West 
Sussex, (1999). 

27) John. Starrett. Solving Differential Equations by Symmetry Groups. American Mathematical Monthly, 
Vol.114, No.5, pp.778-792, (2007). 

28) P. Glendin. Stability instability an introduction to the theory of nonlinear differential equations. Cambridge 
England New York Cambridge University Press, (1987). 

29) G. Dahlquist and A. Bjorck. Numerical methods in scientific computing. Society for Industrial and Applied 
Mathematics (SIAM)Philadelphia, (2008). 

30) Grillakis. M, Shatah.J, Strauss.W. Stability theory of solitary waves in the presence of sym- metry. Journal of 
Functional Analysis, Vol.74, No.3, pp.160-197, (1987). 

31) Th. Simos, T. J. Kalvouridis.G. Application of high-order Runge-Kutta methods in the magnetic-binary. An 
International Journal of Astronomy, Astrophysics and Space Science, Vol.147, No.2, pp. 271-285. (1988). 

32) C. C. Christara and K. R. Jackson. Scientific Computing by Numerical Methods, Encyclopaedia of Applied 
Physics, Vol.17, No.4, (1996). 

33) Uri M. Ascher and Linda R. Petzold. Computer methods for ordinary Differential Equations and differential 
algebraic equations, SIAM, (1998). 

34) Faranak Rabiei, Fudziah Ismail, Norazak, and Saeid Emadi Numerical. Solution of second- order ordinary 
differential equations by improved Runge-Kutta Nystrom method, International Journal of Mathematical, 
Computational Physical, Vol.6, No.9, (2012). 


