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Abstract

In this paper, we discuss numerical experiment of absolute stability of various one and two steps
method for ODEs and Fredholm equation. The Gauss Lobatto method for approximating the value of
the integrals presented. Two and one dimensional case of spectral element method are presented. The
proposed method provides the solution in terms of convergent series with easily computable
components, as well as it possesses main advantage as compared to other existed methods.
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1. INTRODUCTION

A Fredholm Equation is defined as a type of nonlinear integral equation that involves functions within
a specified domain and is commonly used in modern numerical methods for solving mathematical
problems. In mathematics, the Fredholm integral equation is an integral equation whose solution gives
rise to Fredholm theory, the study of Fredholm kernels and Fredholm operators. The integral equation
was studied by Ivar Fredholm. A useful method to solve such equations, the Adomian decomposition
method, is due to George Adomian. An inhomogeneous Fredholm equation of the second kind is given
as

b
p(r) = fx)+ A / K(x, t)p(t)dt , x € [a,b]. (1)

Given the kernel K (x; t) and the function f(x) the problem is typically to find the function () The
solution to a general Fredholm integral equation of the second kind is called an integral equation
Neumann series. Fredholm equations arise naturally in the theory of signal processing, for example as
the famous spectral concentration problem popularized by David Slepian.
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The operators involved are the same as linear filters. They also commonly arise in linear forward
modelling and inverse problems. In physics, the solution of such integral equations allows for
experimental spectra to be related to various underlying distributions, for instance the mass
distribution of polymers in a polymeric melt, or the distribution of relaxation times in the system [5,
12, 13, 14,15, 16]. In addition, Fredholm integral equations also arise in fluid mechanics problems
involving hydrodynamic interactions near finite-sized elastic interfaces. A specific application of
Fredholm equation is the generation of photo-realistic images in computer graphics, in which the
Fredholm equation is used to model light transport from the virtual light sources to the image plane.
The Fredholm equation is often called the rendering equation in this context. Lobatto methods for the
numerical integration of differential equations are named after Rehuel Lobatto. They are
characterized by the use of approximations to the solution at the two end points ¢, and ¢,+;of each

subinterval of integration [#, t,+:]: In numerical analysis, an N—point Gaussian quadrature rule,
named after Carl Friedrich Gauss is a quadrature rule constructed to yield an exact result for

polynomials of degree 2n — 1 or less by a suitable choice of the nodes x;and weights w;fori=1, ...,
n: The spectral element method (SEM) is a formulation of the finite element method (FEM) that uses
high-degree piecewise polynomials as basis functions. The spectral element method was introduced
in a 1984 paper by A. T. Patera.

In mathematics, in the area of numerical analysis, Galerkin methods are a family of methods for
converting a continuous operator problem, such as a differential equation, commonly in a weak
formulation, to a discrete problem by applying linear constraints determined by finite sets of basis
functions. They are named after the Soviet mathematician Boris Galerkin [5, 12, 13, 14, 15, 16].

This paper is organized as follows: Section 2 introduces the Gauss Lobatto method for approximating.
Section 3 presented the viscosity spectral element method - 1D. Section 4 deals the spectral element
method - 2D and 1l-element and weak formulation. Section 5 we presented the spectral Element
Method of 2D and 1 element.

2. GAUSS LOBATTO METHOD FOR APPROXIMATING

[ f(x)de,

Gauss Lobatto is a method for approximating the value of the integrals where fis a

1
given; function through a linear transformation, the above integral can be reduced to 1=y fle)de,
where f not the same function. In this case Lobatto rule of the function f on [—1,1] is

1 n
[REZE e

i=1

n+l(

da .
where x; is the (i— 1)™ root derivative Legendre polynomial az Lot 1(7). Recall that the recursive

relation to define the Legendre polynomial is:

(n+1)Lyq(z) = (2n+1)zL,(x) —nl,_{(x)
Lo(z) = 1
Li(z) = =«
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and the weight w; is given by

2 P . .
Py Py T EE1 iF Ln
w; = (2)
ﬁ if z;==%1 (ie i=1or, i=n).

In this method (Gauss Lobatto), the points x; are chosen such that

—1l=x1 < a9 < --- < T = 1.

The boundary value problem that will be considered in in our study is:

—u(2) +u(r) = ()
u(—1) =0 (3)
u(l) = 0.

To get the coefficients “i» ? = 0,...,N we apply three different methods: spectral collocation
method, spectral method of Galerkin and integral method in all cases we get a system that must be
solved AU = F. The solution of (3) is expandgd using Lagrange interpolations based on the Gauss-

et — N .
Lobatto Legendre points 4N {J} = D i—o uihi(x), where

o (1-22)Ly(z) )
hile) = N(N + 1)Ly (x;)(x — ;) W

where xp = =1, xy = 1 and u;, i = 0,..., N are the unknowns coefficients and they are approx-
imation of u(z;),t = 0,...,N ie. w ~ u(z;). un(z) = Zz\:(] uihi(z), we will determine uy such
that the residual Ry(z) = —un(z)" + un(z) — f(x). Our solution is defined as becomes equals to

zero at the interior points z;, 2 = 1,..., N — 1 and uy satisfies exactly the boundary conditions, i.e
uy(—1)=0=u(-1) and uy (1) = 0 = u(l) where

1if i=k

hi(z]) = i = { 0 if ik

The problem
—u(r)" +u(z) = f(r) = = L guih; (r) + Yitg uihi(x) = f(x)
u(=1)=0= YN uihi(—1) =0 (5)
u(l) = 0= N Ju;hy(1) = 0.

We would like that —uy (z) + uy (z) = f(z) residual at interior points i.e z;, j = 1,.., N — 1

N N
=Y wihi (x)) + ) wihileg) = f(z5), G=1,..,N -1 (6)
i=0 i=0
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we have N + 1 unknowns and N - 1 equations. Unfortunately, the previous system cannot be solved
since the number of equations is large then the number of unknowns, to solve this problem we add
two equations comes from boundary conditions [5, 12, 13, 14, 15, 16].

2.1 Boundary Conditions

First boundary conditions is

N N
D T uihi(=1) =0 > uihi(xg) =0
i=0 i=0

= upho(zp) =0
using ho(xo) =1 = wg = 0.

Second boundary conditions:

N N
> uhi(l) =0= ) uhi(zy) =0
i=0 i=0

using
. [1if i=N
hi(zn) = { 0 otherwise
then
N
Z uihi(xn) =0
i=0
unhy(zy) = uy

'E,{-_.'\," = D
Now, we have

— YN guihy (x5) + Y uihi(z;)
o
uy

(z;) 7=1,..N—-1

f
0
0

N + 1 equations and N + 1 unknowns the system can be solved for j =1,..., N — 1

N N

_Zugh.:(;[rj) +Zuih-i(l'j] = f(z;)
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N
— U[)h[} (z;) —I—XIU2 (z;) —|—u\h () —I—XIU2 i) +uoho(zo) +uyhy(zo) = f(z;)
i=0

N-1 N-1
— Z uih:(;{:j) + Z wihi(z;) = f(z;); j=1,.,N-1 (7)
i=1 i=0

Let hji =h;(r;) i,j=1,...,N -1

D=(hy). ji=1,.,N-1 8)
then
hit hia -+ hiy_g ty flx1)
hot hoa -+ han—t ) flx2)
. o . + Idy_4 : = .
hnt hn2 -+ hy_1N-1 UN_1 flzn-1)

In matrix form:

(-D+1d)U =F

U = (Wi, N1
F = (f@))r, N
Now, compute the coefficients of D are:
1 1-+2 . 1
hi(z) = NN + 1)Ly () [ 7 — 1, L-""(“"}] '

Now, we present a simple form of the coefficients of D

L
r

[(1 _ J:Q)L:-\.-{;c)] _ (1 - ;CQJL:.\.-} (x —z;) — (1 —2?)Ly ()

T — T (x — a;)?
~ _—QIL}\.—(;{:J + (1= 2?) Ly (2)| (z = z:) — (1 = 22) Ly (z)
B (x — ;{'-1')2

we recall that

(1—22)Ly(x) —2zLy = -N(N + 1)Ly ()

then
(1- J:QJLN{;{E) ~N(N+1)Ly(z)(z—z;) - (1 - :L'Q}LN(;{.']

T — I (- 1;)?
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then
b (z 1 —N(N + 1)Ly (x)(x — 2:) — (1 — «®) Ly ()
“O = NN DI (z —z)?
TN 1 Ly(x) (1 —x2)Ly(x)
hilz) = N(N + 1)Ly (x:) (L — T M T =T )

v, o 1 In@)\ (=L@
M) = NN T DIn) ((—) +( Tz ))

(@Y _ Lol i)

T — Iy (x — x;)?
(1— ;LTQ)LZ-\:(;L') ) _ 7N(N + 1)Ly (z)(z —xi) — (1 — -.t.'g)Lj.\; (x)
r—x; (r — x;)?
W () = 1 Ly(z)(x — ;) — Ly(z) = N(N + 1)Ly (z)(z — ;) — (1 — 2?) Ly ()
T UN(N +1) Ly () (& — ;)2
B (@) = — 1 [(x =) = (1= 2?)]Ly (x) = [1+ NV + 1)(& — )] Ly (x) (9)
T UN(N 1)Ly () (& — )2 '

Now, the matrix equation will be solved to obtain the approximation solution. Note that if the size of
the matrix is large enough one can consider iterative methods. In our numerical presentation, we will
present both cases, this allow the reader to make a difference between small N and large N. Moreover,
we will discuss later some numerical schemes to get a rapid solution (in iteration counts).

3. THE VISCOSITY SPECTRAL ELEMENT METHOD - 1D

Problem:
—u"(x) = f(x), u(-1)=u(+1)=0 (10)

We will use the spectral method to find the approximate solution using " Gauss Lobbato points" we
define the set

VN ={ve Py([-1,1]) : v(-1) = v(1) = 0}
where Py([-1; 1]) is the space of polynomials of degree at most N on [-1,1]. We multiply both sides of

y — _,"_"V A
equation (10) with V' = ! as test function, we get

.[ﬂ“WMﬂéﬁﬂmmﬂ

1

3.1 Spectral element method 1D: Weak formulation

'/_ll u' ()’ (x)dr = ./_11 f(x)v(r)dz.

The approximate solution is expanded using lagrange interpolants based on the Gauss Lobatto
Legendre points [5, 12, 13, 14, 15, 16]:
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N

un(z) = ZCz'hi('i")

i=0

where

(1) Ly (x)
hi(x) = : .
) = N+ D)@ — o)
Spectral element method - 1D

e 1; =0,1,...,N are Gauss Lobatto Legandre Points with g = —1 and )y =1
e ¢;: are the unknown coefficients with u(r;) >~ uy(z;) = ¢

e Gauss-Lobatto Quadrature rule:
1 .'V
[ bz =3 wiots
sl i=0

x; are roots of (1 — ;EQ}LR.—(;J:) = 0. The weights w; given by

2
YT NN+ DI ()

=0,1,...,N.

3.2 Spectral element method - 1D

plugging uy into the weak formulation and we choose v(x) = hj(x) we have:

N-1 4 1
Z ci [14&;(1)&3(1)(!," = /1 f(x)hj(z)de ¢=0,...,N
-1 V- J-

using guadrature rule to compute both integrals we obtain:

1 N
/ R ()1 () die = Z wihi ()1 (<)
Sl k=0

1 N
/1 flx)hj(x)de = Z wi f(xr)hj(rr),
- k=0

then we have :

N-1

o Zu.kh xk}h'(ub}) —Zukf(l‘k Jhj(xr) j=1,....N-1

i=1
we have N — 1 equations and N — 1 unknowns:

AU =F, A=(ay)ij=1..n-1. F=(f)j=1 n1
with

N
Z wihy (i) B (xx) (11)

fi

Zwkf(fk x) = w; f(x5) (12)
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4. SPECTRAL ELEMENT METHOD - 2D AND 1-ELEMENT AND WEAK FORMULATION

Let the Poission equation

{ ~Au = f(I!y): in (1= [l_! 1]2
u =0 on d0

We multiply by a test function and integrate over €2: Find u € H, 6 ()

/ Vu(z,y)Vou(z,y)dzdy = [ fv, Ywe H&(Q)
J 01 J 1)
Spectral element method - 2D satisfy the following:

1. Galerkin Approximation Let VN C H} () be a finite subspace of H}(Q). Find Uy € VY,
Yoy € VN, Jo VunVoy = [, fon

2. Discretization: Approximation of previous integrals using numeral integration rules

/mewmewimy=BNwmmw
JQ

; fv, ¥v=L(vy).
Then, we solve the system obtained h
By (un,vN) = L(vw).
The spectral element method - 2D, (one element), using

N+1

u(z,y) =Y wijhi(z)h;(y)

i,j=1

and we take as test function vy = hy(x)hi(y). Let Dyj = h}(i‘k], fri = flzr,u)

N+1 N+1 N+1
Z Uij ( Z Dﬂlkaﬂl{sﬂu'.ﬂla"f{sﬂﬂ + Z Djann{séku"kwnékn) = wk'wifki
i,j=1 m=1 n=1

5. SPECTRAL ELEMENT METHOD OF 2D AND 1 ELEMENT

The differentiation matrix defined as:

1 Ly(ze) e ]
(zr—z; Ly(z;) j#k
0 1<J=E<N-1
Dyj = o
NN g g g
N(N+1) T AT
\ — 71— J=K =N

Apr 2025 | 89



Hunan Daxue Xuebao/Journal of Hunan University Natural Sciences
ISSN : 1674-2974 | CN 43-1061/N

DOI: 10.5281/zenodo.15208695
Vol: 62 | Issue: 04 | 2025

5.1 Spectral element method - 2D and 2- element

Let
Ene = [-1,1)?
Ay:[-1,1]2 = Qy = [an,ba] x [ex,da]
(€.1) = (né + i B+ )
therefore
ay = by—ax o — ax + by
A= =
and ) )
AT A ' A e
By = : _ax T
A 5 B :

then the general form of the mapping is:

) a(

by — ay a+b dy—cy d+c
5ttt o)

Let 1y = axé +a', yn= B+ B

oy, Az,
_ | og on
J= Bya 1)
| dE an
. [y, 0
L0 B

two element Jacobian determinant |J| = a5y
weak formulation:

/mmmwmm=[ﬁmwwm&® Vo € H(Q)
J 0 J 02

bilinear form

B(u,v) = [ VuVuv
oS0

linear form

MmLﬁ
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since we have two elements , we get:

k k
[Vthr = [fv :}Z VuVuv :Z] fo
Jao Jao =/ = /e

using affine mappings , the integral can be evaluated as for A = 1,2, .., k (number of subdomains)

vy = [ nedenloeon

Jo,

N

= Q)\ﬂ)\ Z ui\ (5! 7}‘)1’9 (£ 7?}'”-"1'&-‘;-
i,j=0

Two element: weak formulation:

Vu(z,y)Vo(r,y) = / flz, y)v(z,y)0xdy , Vv e H&(Q}
J 0 J 0

bilinear form

B(u,v) = | VuVw
J Q)

linear form L(v) = [, fv since we have two elements, we get:

k k
VuVuv = /fv =% / VuVo =% fv
[) Ja ; 0, ; 0,

using athine mappings , the integral can be evaluated as for A = 1,2, .... k (number of subdomains
g PPHLE ar LT

[ vuve = [ iemeienliioeon
Ja, Ja

N
= by 3w (€ m)vh (€ mwiw,

i,7=0

N
/ﬂ Fla (e, y)0rdy = anBa S F (&, ny)h(&)he(n; Jwaw,

i,j=0

5.2 Two and Four elements of subdomains Q ; and Q,

Let

—Au=f mQ=[-1,1] x [-1,1]
u=10 on 5}

where (x; y) € Q. We decompose Q into two non-overlapping subdomains ©; and Q,
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0y = [-1,0] x [-1.1]

0y =[0,1] x [-1,1]

four elements .
Ql = [_1‘ _5] x [_1‘ l]

0y = [—%,01 % [=1,1]

Qs = [0, %] % [=1,1]

0 = [%,1] < [=1,1].

Let K the number of subdomains. In our work K = 2 (2 elements), k = 4 (4 elements), we define the
transformation

Ap: [-1,1] x [-1,1] — O
(&) = (ané + g, B + i)
('-Fi”"y;-‘] = Ap(&,my).k=1,--- | K
for example for 2 elements:

Ap:[=1,1] % [-1,1] = Q4 = [-1,0] x [=1,1]

(&,m) = (apé + ay. By + By)-

its easy to see that 5. = 1, _,'3;? = 0 for aky and a;r we solve the following system:

M(=Ln)=(-1,7) ; A(1,7)=(0,n)

—a+a = -1
a+a = 0.
So, o = %;ozj = —% then:
Ay [-1,1) x [-1,1] =
1

we can done for Ay

Ag:[=1,1] x [-1,1] = Qo = [0,1] x [1,1]

(§,m) = (a2l +ag,n)

Ax(=1,m) = (0,n)
Ao(l,p) = (1,nm)
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we deduce

—ap+ay = 0
ﬂg-i-l.‘]; = 1.

So, e = f:r} = 13 Then:
Ag i [-1,1] x [-1,1] = 2o

1
(&:m) = (5(E+ 1).m).
We solve:
—Au=f inl
{ u=10 ondil

—Au' = f inQ
ul =0 on 80NN
0wl = u2ondf N oy,

gu _ Pu?
\ Gn T fn

"

—Au? =f inQs
w2 =0 on QN0
9 a2 — gl du? _ Hul

- n T On
on Ay Ny

Let

Tt = O N AN,
['19 = 812 M 8.

Space of approximation for N e M;

[ we L*(2)w |o,€ Py (%)
K""_{ k=1, K

space of piecewise polynomial the Dirichlet problem:

—Au = fin
u=0 on 40

The solution of approximation
Xy =Yy N H(Q)

Xy = {-w & Yy, w=0 ondQ k', w¥ |r,, = w’ [ |
where w® |r,,,: denote the restriction of w* on T (interface)
Xy = {Kmruaf(wﬁ“.«y;-“l € 00 then w*(zf,yf).if (af vf) = w* (af

First: How can compute integral over (2

Vol: 62 | Issue: 04 | 2025

|fy;:.1)}.
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N N

/Q oz, y)drdy =Y o(af, yf)onBrwsw;

i=0 j=0

where agf; Jacobian and w;w; is weight. We know that (zr,y) = Ax(&,7)

drdy Oxdy
.] 0% = —_——
k(& m) ¢ dn  dnon

r = opé+ak
y = pBkn+ Bk

that implies

— = ak, —=0
BT % B
Oy _ o Oy _
then
( = (‘Ik —sy 9 I‘v -
Ji(€,m) = 0 Bl= kS

for two elements: Ji(&,n) = % Let us determine the transformation for 4-elements
_ 1
A [-1,1] x [-1,1] — [-1,—5] x [-1,1]

(&.1) = (a1é 4+ aq,n)

Ai(-1,7) = (-1,9)

1
Ai(l,g) = (—=,1
Aq(1,7m) (=57
that implies
—] + o_f:l = —1
; 1
] + y = —5

s e

80, (1 =%and Etrl

Ap:[=1,1] x [-1,1] = [—1,—%] % [=1,1]
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Aot [~1.1] x [-1,1] = [, x[~L,1]

(€,7m) = (& + flfg. 1)

AP
Ao(—L,m) = (=5
Ao(l, ) = (0,1)
then
' 1
Ty = ——
2 4
g = !
.'}—4
then

Ao [-1,1) x [-1,1] = [5.0] x [1,1]

(&) (é{a —1).1).

Similarly we, can get Ag and Ay

Ag:[-1,1] % [-1,1] = [0,=] x [-1,1]

[ ]

1, .
(&m) = (5(&+ 1).m).
and

Ag: =LA x 1,1 = [,1] x [-1,1]

1 .
(&m) = ((&+3).7).
We define
PY(Q) = {v e Py(2), v=0 on 80Q}.

DOI: 10.5281/zenodo.15208695
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Finally, we get Py is the space of polynomial of degree N, and Xy = P%r[ﬂ} C H [} ().
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